With a strong commercial incentive driving the increase in game ranching in Southern Africa the need has come for more advanced management tools. In this paper the potential of Portfolio Selection Theory to determine the optimal mix of species on game ranches is explored. Land, or the food it produces, is a resource available to invest. We consider species as investment choices. Each species has its own return and risk profile. The question arises as to what proportion of the resource available should be invested in each species. We show that if the objective is to minimise risk for a given return, then the problem is analogous to the Portfolio Selection Problem. The method is then implemented for a typical game ranch. We show that besides risk and return objectives, it is necessary to include an additional objective so as to ensure sufficient species to maintain the character of a game ranch. Some other points of difference from the classical Portfolio Selection problem are also highlighted and discussed.
Introduction
The trend towards transforming livestock production systems into game ranching has increased rapidly since the early 1990s. By the year 2000 it was estimated that there were approximately 5000 fenced game ranches and 4000 mixed game and livestock farms in South Africa covering more than 13% of the country's land area (ABSA Economic Research, 2003) . In 2008 some 3000 additional livestock farms were in the process of conversion to integrated game and livestock production. Some concern about the economic sustainability of this activity and the lack of understanding of risk due to market and climatic variability has been expressed (Falkema and Van Hoven, 2000) . Strategies to improve the economic returns from game ranches were formulated by Hearne et al. (1996) , but this work did not deal with risk.
Theron and Van den Honert (2003) dealt with issues of risk and return in an agricultural context. They developed an agricultural investment model based on investment portfolio techniques first proposed by Markowitz (1952) . Their objective was to optimise the proportion of land allocated to each of a number of agricultural products. The ideas of Theron and Van den Honert are followed in this paper. Their potential application to game ranches is explored by means of an illustrative case study.
The Problem
The portfolio selection problem is the bi-objective problem of choosing a portfolio of investments that minimises risk while maximising returns. As an acceptable trade-off between risk and return is usually required, an efficient frontier of Pareto optimal solutions is generated by repeatedly solving a single objective optimisation problem. Such a problem minimises risk for various given values of return.
Most modern Operations Research textbooks, such as Winston (2003) or Ragsdale (2004) , include the formulation of a simple portfolio selection problem similar to the following formulation.
Suppose K is the total capital available to invest in n investment opportunities. Let p i and r i denote respectively the capital invested in and the expected return from investment opportunity i, and let p = (p 1 , . . . , p n ) T . Furthermore, suppose V is the portfolio variance and C is the covariance matrix of investment returns. Then the objective is to
(acceptable revenue returned), i∈S p i = K, (all capital invested),
By repeatedly solving (1) with different specified values of R an efficient frontier of portfolio variances may be obtained.
Before pursuing the principles of (1) in a game ranch context some background information is necessary. The food requirements of large herbivores are often given in terms of animal units. An animal unit (au) is usually defined as the amount of food required to sustain a domestic cow of 455 kg. An impala, for example, only requires 0.16 animal units per head. Therefore six impala require 6 × 0.16 = 0.96 au of food resources which is still less than the food resources required by one domestic cow. The carrying capacity of a given area of land is defined as the number of animal units the land can sustain.
For a game ranch, a problem analogous to (1) is obtained if species represent investment opportunities and the carrying capacity of the land represents the capital available for investment. Let K be the number of animal units available (i.e. the carrying capacity) and denote the set of livestock species by S. Furthermore, suppose p i animal units are allocated to species i ∈ S. Then the analogous problem is to
(utilizing carrying capacity),
A shortcoming of the above formulation is that the total food resources represented by the carrying capacity K are assumed to be homogeneous. The formulation may be improved by dividing the carrying capacity into three broad food classes: bulk graze, concentrate graze and browse. The actual utilisation of these food resources depends on both the number of animal units of each species and their respective diets. Let F = {bulk graze, concentrate, browse}, and suppose the proportion of food resource j in the diet of species i is denoted by α ij . Then the additional constraint
is required, where j∈F K j = K and K j ≥ 0 for all j ∈ F .
The expected returns generated in this model are more complex than those for the ordinary capital investment portfolio. Whilst the return on an investment in shares is mainly a function of changes in price over a certain period, wildlife returns comprise changes in both sales price and population numbers. For example, suppose that there are b buffalo on a ranch at time t, and suppose that the average market price of buffalo at this time is s b . Then the market value of the buffalo population on the ranch at time t is bs b . With an annual population growth rate of f b a ranch owner may expect to own (1 + f b ) b buffalo in year t + 1. Also, with an annual price growth rate of ∆s b , the sales price of buffalo is expected to become 1 + ∆s b s b after one year. The value of the population after one year would therefore be bs b (1 + f b ) 1 + ∆s b . From this value and the value at time t it is easily shown that the expected annual return on capital invested in the buffalo population is
For species i ∈ S, the expected return on capital in livestock is therefore given by
where ∆s i denotes the average change in the sales price for species i over a certain time period. This is calculated as
where s it is the sales price of species i at time t, and T is the duration of the time under consideration.
The arithmetic mean is calculated in (5) above. This is the classical approach followed in most textbooks. However, there is a large body of literature with alternative formulations of the problem, including for example, the geometric approach suggested by Leippold et al. (2004) . A thorough review of various methods for calculating ∆s i is given by Steinbach (2001) .
Implementation
Consider a hypothetical but typical ranch in southern Africa. Suppose that twelve species are suitable for this ranch. Data relating to these species are given in Table 1 carrying capacities available on such a ranch would be 250 au of bulk graze and 200 au for each of concentrate graze and browse. Previous annual sales prices over the last fifteen years for each species are given in Table 2 and these prices are used to estimate the rate of price change and the covariance matrix required. The model was implemented using the built-in solver of Microsoft Excel [2] .
The efficient frontier for this problem is shown in Figure 1 . In the absence of risk considerations, a return of nearly 31.28% can be obtained. This drops to 26.31% when risk is minimised without any consideration for returns. Normally a decision-maker can use such a graph to choose the preferred trade-off between risk and return. There are other considerations, however, for decision-makers in this problem.
For a quality hunting experience the ranch needs to have a good spread of species. In Figure 2 the populations of each species are shown for the two extremes of the efficient frontier. In the case where "Return" is maximised it may be seen that only three species are maintained at non-zero population levels. In the case where "Risk" is minimised with no constraint on the required return only five species have non-zero populations.
In terms of a "quality wildlife experience" both the solutions shown in Figure 2 would probably be considered undesirable. It is reasonable to argue that a third objective is required, namely to maximise the minimum proportion of the carrying capacity allocated to a given species. With three objectives it is best to re-formulate the problem as a multiple objective optimisation problem. "Best" solutions or goals have already been determined for "Returns" and "Risk". Let Q denote the smallest proportion of the carrying capacity allocated to a single species. The following maximin problem determines a goal for Q:
Maximise Q subject to i∈S p i = K, (utilizing carrying capacity),
The solution to the above problem gives Q as 5.39% of the carrying capacity. This means that each species is allocated at least this proportion of the carrying capacity. In terms of individuals this allocates resources sufficient to sustain 35 Eland and greater numbers for other species. Note that due to the constraints relating to the three different types of food resources making up the carrying capacity not all species are allocated equal proportions. So, for example, giraffe are allocated nearly 16% and white rhino just over 30%.
Multiple objective optimisation
Having determined goals or best values for the three objectives the multiple objective optimisation problem can now be formulated. Let g 1 , g 2 and g 3 be the best values obtained for return, risk, and Q, respectively. Furthermore, let w 1 , w 2 and w 3 denote the weights allocated to the objectives of return, risk and Q respectively. Then the objective is to is minimised.
(utilising carrying capacity),
Solving this problem with w 2 = 0 and w 1 varying from 0 to 1 the results shown in Figure 3 are obtained. It may be seen that placing more weight on returns reduces the minimum allocation received by a species. Similarly, omitting returns from the objective and varying weights between risk and Q yields the results shown in Figure 4 . It is seen that higher risks have to be incurred as Q is increased. It is clear from this analysis that ensuring a "good wildlife experience" comes at the cost of reduced returns and increased risk.
Land as capital
We have been dealing with problems that allocate food resources (animal units) rather than capital. Nevertheless, like in the capital investment problem one of the objectives is to maximise the return on capital. Food resources are directly related to the area of land available. In calculating returns on investment, therefore, it would be reasonable that the capital value of the land be taken into account. In §2 we considered the returns that would be achieved from an initial investment in b buffalo. If L is the value of land utilised by a single buffalo then the return on investment is given by
After some simplification the return on investment is given by
Here u b denotes the animal unit equivalent for one buffalo (au), s r denotes the stocking rate (ha.au −1 ), and π denotes the price per hectare of land (Rand.ha −1 ). Note that when land value is included, the original return on investment is simply divided by 1 + ρ i for species i.
As an example, using the animal unit equivalent from the second column of Table 1 , a stocking rate of 6 hectares per animal unit, and a nominal price of land at R4000 per hectare, the values of ρ can be obtained for each species. For impala and white rhino the calculations yield values of 7.87 and 0.41 respectively. The effect of land price on the returns from these two species may be seen by multiplying the land price by a multiplier. Figure 5 shows the results for land prices from zero through to 1.5 times the nominal land price.
There is an important conclusion to be drawn from Figure 5 . Although not true, suppose that impala and white rhino had identical food preferences. In the absence of land costs it would be preferable to stock a ranch with as many impala as possible. As the value of land increases, eventually better returns on investment are obtained from white rhino rather than from impala. It is therefore to be expected that the optimal population of each species will be affected by the value of land.
The effect on return on investment when the cost of land is included in the capital is now further explored. Equal weights were assigned to each of three objectives (returns, risk and 
Discussion
The problem of determining population levels for each species on a game ranch so as to maximise returns while minimising risk is essentially analogous to the portfolio selection problem. A difference is that growth in investment value occurs through both natural growth and price change. In our illustration, natural growth was fixed. In practice, however, there will also be some fluctuations in growth rates. It is possible also that changes in price and growth are not independent random variables. There is insufficient data available at present to explore this question further.
A static problem formulation has been used here for illustration purposes. However, these ideas are easily extended to multiperiod problems. In such a case another difference from the standard multiperiod portfolio selection problem emerges. The game ranch problem would not necessarily incur the commission or transaction costs involved in buying and selling shares. Species offering improved returns may simply be allowed to grow to a new level. Of course, this might not always offer an optimal transition path from one 'portfolio' to another.
The purpose of this paper has been to show the connection between portfolio selection problems and the game ranching problem discussed. There have been many advances in Portfolio Selection Theory since the original work by Markowitz (1952) . Much of this work can be applied to the game ranch problem in a similar way. The main difficulty is that lack of awareness of this type of approach has meant that the appropriate data has never been collected.
